FINITE ELEMENT ANALYSIS OF 3D ISOTROPIC
MEMBRANE STRUCTURES

Vinicius F. Arcaro

This text derives a mathematical model for a 3D isotropic
membrane finite element. It consists of a total Lagrangian
description of a linear elastic material, and can be used
to calculate either the Green strain or the engineering
strain. The total potential energy is minimized using a
quasi-Newton method, making it unnecessary to calculate the
stiffness matrix. The source and executable computer codes
of the algorithm are available from the author's website.
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1 Notation

The following conventions apply unless otherwise specified
or made clear by the context. A Greek letter expresses a
scalar. A lower case letter represents a column vector. An
upper case letter represents a matrix.

2 Introduction

The approach used in this text recovers the basic idea of
minimizing the total potential energy to find equilibrium.
In the context of tension structures, this idea was first
introduced by Coyette and Guisset [1988] for cable network
analysis. As the total potential energy is a nonlinear
function of the nodal displacements, a gquasi-Newton method
is used to find its minimum. The advantages of this
approach are: It is not necessary to derive an expression
for the stiffness matrix, it is not necessary to solve any
system of equations, and it permits a simple static
analysis instead of a pseudo-dynamic analysis, such as
dynamic relaxation with kinetic damping as described by
Barnes [1999]. The computer code uses the limited memory
BFGS to tackle large scale problems as described by Nocedal
and Wright [1999]. It also employs a line search procedure
with safeguards as described by Gill and Murray [1974].


http://www.arcaro.org/

3 Finite element definition

Figure 1 shows a reference system with the xy plane located
in the plane of the element. The nodes are labeled 1, 2 and
3 while traversing the sides in counter-clockwise fashion.
The respective internal angles are labeled o;, O, and 0Os.
Each side is labeled with the number of its opposite node.
The x axis is chosen parallel to side 3 without loss of

generality. The strains are assumed to be constant over the
element.
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Figure 1

4 Stress strain relations

The stress strain relations can be written as follows:

o, 1 v 0 £,
E —
ny = (1 V2) v 1 0 Eyy —> O = He
V26, 0 0 (1-v)||2e,
where,
(O 1 v 0 €.
_ — E _
o = ny , H = m v 1 0 , € = 8yy
20 0 0 (1-vV) 2e

E is the Young’s modulus and v is the Poisson’s ratio.



5 Directional strain

The strain of an infinitesimal line segment in the
direction of a unitary vector u', can be written as

g, = cig, +sie + 2c.S¢€

i 1i¥xx i~itxy

where,
. c; .
u o= , ¢, =cosB, , s = sinb,

Considering Figure 1, the directional strains for the sides
of the triangle can be written as follows. First, note the
trigonometric relations

c, = —cosao,
6, +o, =1 = ,

s, = +s1in Q,
and

c, = —cos o,
6, =n+o = ,

S, = —sin o,

The three strains are therefore

£ cos’ @, sin® 0, —v2coso,sina, || g
— 2 2 . _ _
€, | = |cos O sin” O, +V2cos O, sin O, €, = € = Ce
£ 1 0 0 N
where,
£, cos’ o, sin’ o, —v2 cosa, sin q,
€ =|¢,| , C=|cog®a sin’a, +J2coso, sin o,
e, 1 0 0

It is easy to show that

|C| = J2 sin o, sin o, sin o,



and that

0 0 V2 sin o, sin o, sin o,
_ 1 , . :
ct = H V2 coso, sina, +2cosa, sino, —/2 coso, cos o, sin o,
C . : . .
—sin’ o, sin’ a, sin (o, — o) sin o,

6 Strain energy density

The strain energy density for a linearly elastic body can
be written as

1 oo
¢ =—-¢€0
2
where,
_ 1 e
G = He = @ = — €'He
2

This can be written in terms of the directional strains by
the following steps:

e=Ce=>¢€=Ct=> 0= EeTHs = ¢ (g, &, 8)
where,
H = CHC?

The components of matrix H can be written as follows:

N E (cos2 o, +1—vsin? ocl)
T2 (1 - VZ) sin® o, sin’ a,
h - E (cosa, coso, — cosa, +Vsina, sin a,)
12 = 2 . . 2
2(1—-V ) sin O, sin O, sin” o,
n - E (cos o, cosa, — cosa, +Vsina, sin a,)

Y2 (1 - vz) sin o, sin’® o, sin a,



E (cos” a, +1 - vsin® a,)

h. =

Zo2(1-v) sin® a, sin’ o,
ho = E (cosa, cos o, — coso, +Vsina, sin q,)

23 2 (1 2 .2 . .

( -V ) sin® o, sin o, sin o,
2 2

h E (cos o, +1 —-vsin 053)

721 - v sin’® o, sin® o,

6.1 Potential strain energy

Considering v as the undeformed volume of the element, the
potential strain energy can be written as

I(paae)

Considering o as the undeformed area of the element and t
its undeformed thickness, the potential strain energy can
be written as

1 -
o =S¢ (Ht) ea

Note that the product of matrix H by the element’s
thickness can be achieved by multiplying the Young'’s
modulus by the element’s thickness. The Young’s modulus can
be thought as having the dimension of force by length.

6.2 Gradient of the potential strain energy

The gradient of the potential strain energy can be written
as follows:

¢ = _[(P(81,82,83)dv = % = ta—(pagl +ta—(pa€2 +ta_(pa€3 o
ox, Je, ox, 0g, 0x, de, 0x,

v



¢ 20
o€,
= Leme o ta—(P = (Ht) e
® 2 oe,
¢ 90
0,
0:(Ht)e:>ﬂ: GTﬁ o
ox; ox,

Note that the stress has been multiplied by the element’s
thickness. The stress can be thought as having the
dimension of force by length.

7 Strain components and its derivatives

The nodal displacements vectors are numbered according to
its node numbers as shown in Figure 2.

Figure 2
Their individual components are numbered as follows:
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To write the directional strain for a side of the triangle
consider Figure 3, where u is a unitary vector parallel to
the undeformed side, A is the undeformed length of the side
and p and g are the nodal displacements vectors.
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Figure 3

l=M+g-p
Defining

qa-—-p
A

zZ =

it follows that
1 =A(u+z2)
Defining

0 = 2u'z + z'z

it follows that
11 = A° (1 +9)

More generally, consider u* as a unitary vector parallel to
the undeformed side k and A as undeformed length of side k.

7.1 Engineering strain



The Engineering strain along the side of the element and
its derivatives with respect to the nodal displacements can
be written as follows:

S—L_k=\/1+8—1

A
% —-———E———(u. +z,)
op, Mi+d
i=+;(u +z,)
0q, MW1+d

The expressions for side 1 can be written as follows:

0
0
0
—(ul + =)
1 1 1
Ve = —(u + z)
& 7\,1\/1 + 0 _ (ui " Zi)
3 3
+—(ui + zi)
+—(u2 + zé)
-+ (ul + z;)_

The expressions for side 2 can be written as follows:



+ (u zi)
0
Ve, = — = 0
Y VRV IS 0
—-(u + zf)

s B I\T . 3 S
z = " ,8—2(11)z+zz,83 5.1
—(w +2)]
—-(uz + zz)
—-(ug + zi)
. +(u + 2)
V83 = —— +( 3+ 3
ML+ 8 u + z3)
+(w + 2)
0
0
- O -

7.2 Green strain

The Green strain along the side of the element and its
derivatives with respect to the nodal displacements can be
written as follows:

11 - A° §
2\° 2

de _ 1
op, A



i = +£(ui + Zi)
aqi

The expressions for side 1 can be written as follows:

x - x T )
z = a , 0 = ZOf) z+ 2z, €& = 3
_ . i}
0
0
- (ul + 2)
Ve, = % = (u + 2)
! —-(ué + zg)
+—(ui + zi)
+—(u2 + zé)
+—(u§ + zé)

The expressions for side 2 can be written as follows:

z = x - x o = 2(uﬂTz +z'z, & = §
A, ' T2
_+-(ui + z )_
+—(u§ + 22)
+(u§+—z)
0
Vezzi 0
- (v} + 2)
—-(u.2 + zj)
_—-(uB + zi)_

The expressions for side 3 can be written as follows:



x - x T -
z = ——X:—— , 0 = 2(u) z+zz, € = —
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e _ 1 +(uz+ %)
=T +(u + z)
+—(u§ + zi)
0
0
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8 Equilibrium configurations

The stable equilibrium configurations correspond to local
minimum points of the total potential energy function. It
is advisable to use a Quasi Newton type method to find
these local minimums because it does not require the
evaluation of the stiffness matrix.

Considering x as the vector of unknown displacements and £
as the vector of nodal forces, the total potential energy

function m and its gradient can be written as follows:

T (x) = Z o (x) - £'x

elements

Vr (x) = Z Vo (x) — £

elements

8.1 Pressure as follower forces

A sequence of major iterations is employed to treat
pressure as follower forces. At each of these major
iterations, the pressure is applied as fixed forces on
nodes, orthogonal to the element’s surface. In general, at
the start of each major iteration a loading update is
performed by applying the pressure on the deformed
configuration obtained in the previous major iteration. The



exception is the first major iteration, where the pressure
is applied on the undeformed structure. At each major
iteration, the equilibrium is obtained through a sequence
of minor iteration that minimizes the total potential
energy.

9 Principal stresses

The stresses for the reference system shown in Figure 1 can
be written as

The principal stresses can be written as

c,. cos’ a, cos’ 1|0,
6 =Co=|0,|= sin® a, sin® o, 0||o,
o, —cos0,sino, +coso, sino, O0]]|0C,

_ 2 2 _ 2 2 2
A= (o, —-0,) +40,, =0, + 0. + 0, +

1 1
+40,0, (cos2 o, — —j + 40,0, (cos2 o, — —j + 40,0, (0052 o, — —j
2 2

/ (Gxx+0yy)i\/Z_(cl+02+c3)i\/K
2 2

10 Examples

Two initially flat membranes were analyzed, one circular
and the other square. The radius of the circle is equal to
1. The half side of the square is equal to 1. The Poisson’s
ratio is equal to 0.25. The Young’s modulus times the
membrane’s thickness is equal to 1000. The pressure is
equal to 1000. The values obtained using [ANSYS 2006] were
used as reference values to estimate the relative errors.



Figure 4 shows meshes for the undeformed and deformed
circular membrane.
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Figure 4

Table 1 shows the displacement of the circular membrane as
a function of radius. The relative error between the model
derived in this text (Green strain) and the ANSYS solution
is given in parentheses.

Table 1
r ANSYS Green
0.000|0.69727|0.73869 (5.9%)
0.125|0.68631 | 0.72665 (5.9%)
0.250|0.65328 | 0.69047 (5.7%)
0.375|0.59816 | 0.63028 (5.4%)
0.500|0.52084 | 0.54628 (4.9%)
0.625|0.42121|0.43895 (4.2%)
0.750|0.29957 | 0.30955 (3.3%)
0.875|0.15745 | 0.16112 (2.3%)

Figure 5 shows meshes for the undeformed and deformed
square membrane.

Figure 5

Table 2 shows the displacements of the square membrane
along a diagonal. The relative error is given in
parentheses.



Table 2

X = y | ANSYS Green

0.000|0.77178 | 0.80556 (4.4%)
0.125|0.75725 | 0.78955 (4.3%)
0.250 | 0.69796 | 0.72461 (3.8%)
0.375|0.60312 | 0.62142 (3.0%)
0.500(0.48292 | 0.49195 (1.9%)
0.625(0.34880 | 0.34955 (0.2%)
0.750 | 0.21304 | 0.20876 (2.0%)
0.875|0.08997 | 0.08699 (3.3%)

11 Appendix

11.1Transformation of strain — 2D

Figure 6 shows a reference system XYy which has been rotated
by an angle 6 from the reference system xy. Note that €,.
can be interpreted as the strain in the direction of a unit
vector parallel to the x axis. The transformation is

Y
Yy
x
0
X
Figure 6
x =XxcosB - 1ysin 0 X +c —s||x
- =

y = xsin® + 1 cos 0 Yy +s +c ||y
where,

c =cosB , s =2sinb



When a body is deformed, the point (x,y) is displaced to
the point (x + u,y + v), where (u,v) denotes the components
of the displacement.

(] (+c¢ —s|[ax+u] [4+4c -s][x

v |+s +c||y +w +s +c||y

U] [+c¢ —s][u KA +c +4s|fu
= - =

v +s +c || v v —s +c|l|v

U = cu + sv

ox dxr  dy ox

o ou 0x Jdu dy ov dx ov dy
=c +——=|+s + — =
ox dxr  dy Jdx

— = —+& — +cs + —
dy ox

o , du , OV ou ov
ox 0x oy

vV = —su + cv

v _ _S(au_§§_+ au_éz} . C[@v ox av_gzj

ox 9x ox  dy ox dx 0x  dy ox
ov Jou , du , OV ov
— = —C¢ts— -8 —+ ¢ — +cs—
ox 0x dy 0x dy
11.1.1 Engineering strain
ou
€.p = —
‘ ox
)
yy ay
1(au, avj
8(1‘7,/ = = = + =
‘ 2\dy  ox

The strain xx can be written as follows:



ou , du , OV ou ov
— =Cc¢ —+s8 —t+tcCcs|— + —
ox 0x dy dy  ox
€, = C&, +s€,  + 2cse,
11.1.2 Green strain
o 1 _(aujz (8’0 )
€ = —+ || = +|=
. or 2 |ldx o) |
ov 1 I oY oV d
v =52 "SI a0 Tl
535 ()
1{ou oJdv oJu ou v U
€, = | —+—+ —— + — —
Y 2(dy  dxr  dx dy Oox Yy

The strain xx can be written as follows:

du 1 [a_uj N (L@j _
or 2 |\ox ox -
Clow 1 _(aujz (avjz_
+P =+ == +|= +
x 2 o0x 0x |
, |ov 1 | ouY [av d
+? =+ || =] +|= +
y  2|\dy dy
Ju odv dudu OJv v
tos|— + — + — — + — —
dy O0x 0xdy 0x dy
€, = C&, +s€,  + 2cse,
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