The deformation gradient and the right Cauchy-Green deformation tensor for triangle element
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1 Geometry
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The unit vectors w and 
[image: image10.wmf]w

 are orthogonal to the element’s surface in the undeformed state and deformed state respectively. Notice that these vectors points toward the observer, when nodes associated with the element appear counterclockwise.

The scalars 
[image: image11.wmf]a

 and 
[image: image12.wmf]a

 are equal to twice the area of the element in the undeformed state and deformed state respectively.

The scalars 
[image: image13.wmf]d

 and 
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 are equal to the thickness of the element in the undeformed state and deformed state respectively.

2 Convex combination of vertexes

The convex combination of vertexes in the deformed state is given by:
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However,
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The convex combination of vertexes in the undeformed state is the point x. Therefore,
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2.1 Alpha coefficients
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2.1.1 Coefficient alpha 1
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2.1.2 Coefficient alpha 2
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2.1.3 Geometric interpretation

Each coefficient alpha can be interpreted as the division of a fraction of the undeformed area by the total undeformed area.
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Notice that the non-negative constraint for 
[image: image34.wmf]1

a

 is satisfied. Corresponding expressions can be written for the other coefficients.

3 Plane strain

It is important to emphasize that 
[image: image35.wmf]ww

=

 for the plane strain case. However, unless explicitly indicated, these two vectors will be treated as different vectors. In this way, the expressions for the plane strain case can be used as part of the expressions for the plane stress case.

3.1 Deformation gradient tensor
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Notice that,
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3.1.1 Invariant 1
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3.1.2 Invariant 2


[image: image59.wmf](

)

T

2

ftrFF

=



[image: image60.wmf](

)

(

)

TT

1122

1

FIdwdw

éù

=++

ëû

a



[image: image61.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

T2

T

11

T

22

T

11

T

22

TT

1111

TT

1212

TT

2121

TT

2222

FFI

dw

dw

wd

wd

ddww

ddww

ddww

ddww

-a=

+a+

+a+

+a+

+a+

++

++

++

+



[image: image62.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

T

11

T

22

TT

1111

TT

1221

TT

2222

f3

2wd

2wd

ddww

2ddww

ddww

-a=

+a+

+a+

++

++

+



[image: image63.wmf]ii

wwv

=´Þ



[image: image64.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

T

11

T

22

TT

1111

TT

1221

TT

2222

f3

2dwv

2dwv

ddvv

2ddvv

ddvv

-a=

+a´+

+a´+

++

++

+



[image: image65.wmf]122

211

dvv

dvv

ü

=-

Þ

ý

=-

þ



[image: image66.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

T12

T

1212

T

21121

T

12122

TTTTTT

112222112121

f3

4wvv

2vvvv

2vvvvwv

2vvvvwv

vvvvvvvv2vvvv

-a=

-a´+

éù

+´´+

ëû

éù

+´´+a´+

ëû

éù

-´´+a´+

ëû

++-



[image: image67.wmf]12

wvv

a=´Þ



[image: image68.wmf](

)

(

)

TT

2112

2

2

1

f1vzvz

éù

=+-

ëû

a


Where,
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3.1.3 Invariant 3
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The previous expression can be written as:
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3.1.3.1 Coefficient 0
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3.1.3.2 Coefficient 1
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3.1.3.3 Coefficient 2
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3.1.3.4 Final expression
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Notice that, as expected, the invariant 3 can be interpreted as the deformed volume divided by the undeformed volume.
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3.2 Right Cauchy-Green deformation tensor

The right Cauchy-Green deformation tensor can be written in terms of the deformation gradient tensor as:
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The invariants of the right Cauchy-Green deformation tensor can be written as:

3.2.1 Invariant 1
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3.2.2 Invariant 2


[image: image95.wmf](

)

(

)

TTT

2

ctrCCtrFFFF

==



[image: image96.wmf](

)

(

)

TT

1122

1

FIdwdw

éù

=++

ëû

a



[image: image97.wmf](

)

(

)

TT

1122

Adwdw

éù

=+Þ

ëû



[image: image98.wmf](

)

(

)

(

)

(

)

(

)

(

)

TT4

322TTTT

trFFFF3

4trA2trAA4trAA4trAAAtrAAAA

éù

-a=

ëû

+a+a+a+a+


The expression for the Invariant 2 can be written as:
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3.2.2.1 Coefficient 0
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3.2.2.2 Coefficient 1
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3.2.2.3 Coefficient 2
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3.2.2.4 Coefficient 3
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3.2.2.5 Coefficient 4


[image: image108.wmf](

)

TT

4

btrAAAA

=



[image: image109.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

4

4

TT

321312

TTTTTT

211222121222211

22

TTTT

21221122221

TTT

112212

TTT

112122

TTT

221211

TTT

221121

TT

122

b2

4wv4wv

2vvvv4vvvv2vvvv

2wv4wvwv2wv

2vvvvwv

2vvvvwv

2vvvvwv

2vvvvwv

4vvvv

=a+

+a-a+

+a-a+a+

éùéù

+a-a+a+

ëûëû

+a+

-a+

+a+

-a+

-a

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

T

211

TTT

122121

TTT

122211

TTT

221211

TTT

121212

TTT

112212

TTT

221121

TTT

121221

TTT

111222

TTT

121122

TTTT

11112222

wv

4vvvvwv

4vvvvwv

4vvvvwv

4vvvvwv

4vvvvwv

4vvvvwv

4vvvvwv

4vvvvwv

4vvvvwv

vvvvvvvv

+

+a

+a+

-a+

+a+

-a+

+a+

-a+

+a+

-a+

++

-

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

TTTT

11121222

TTTT

12121122

TTTT

11222121

TTTT

12122121

TTTT

12221112

TTTT

22221111

4vvvvvvvv

2vvvvvvvv

2vvvvvvvv

2vvvvvvvv

4vvvvvvvv

vvvvvvvv

+

++

++

++

-+

+


3.2.2.6 Final expression
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The previous expression can be written as:
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3.2.3 Invariant 3
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4 Plane stress

4.1 Deformation gradient tensor
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Notice that,
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4.1.2 Invariant 2
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4.1.3 Invariant 3
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Notice that, as expected, the invariant 3 can be interpreted as the deformed volume divided by the undeformed volume.

4.2 Right Cauchy-Green deformation tensor

The right Cauchy-Green deformation tensor can be written in terms of the deformation gradient tensor as:
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The invariants of the right Cauchy-Green deformation tensor can be written as:

4.2.1 Invariant 1
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4.2.2 Invariant 2


[image: image146.wmf](

)

(

)

TTT

2

ˆˆ

ˆˆˆˆ

ˆ

ctrCCtrFFFF

==



[image: image147.wmf]T

ˆ

FFwww

æö

d

=+-

ç÷

d

èø



[image: image148.wmf]T

Awww

æö

d

=-Þ

ç÷

d

èø



[image: image149.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

22

TTTTTT

TTTTTTTT

TTTTTTTT

TTTTTTTT

ˆ

cc

trFFFAtrFFAFtrFFAA

trFAFFtrFAFAtrFAAFtrFAAA

trAFFFtrAFFAtrAFAFtrAFAA

trAAFFtrAAFAtrAAAFtrAAAA

=+

++++

+++++

+++++

++++



[image: image150.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

22

TTTTTT

T

TTTTTT

ˆ

cc

trAAAA4trFAFF4trAAFA

2trFAFA2trFAFA2trAAFF

=+

++++

éù

+++

ëû



[image: image151.wmf](

)

2

2

TTT

trAAAA2ww1

éù

æö

dd

=-+

êú

ç÷

dd

èø

êú

ëû



[image: image152.wmf](

)

(

)

(

)

(

)

(

)

TT

TTTTTT

trFAFFFwFwFwFw

d

=-

d



[image: image153.wmf](

)

2

TTTT

trAAFA2ww1ww1

éù

æöæö

ddd

=-+-

êú

ç÷ç÷

ddd

èøèø

êú

ëû



[image: image154.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

TTTT

TTTTTTTT

trFAFAFwFw2FwFwFwFw

æö

dd

éù

=-+

ç÷

ëû

dd

èø



[image: image155.wmf](

)

2

TTT

trFAFAww1

æö

d

=-

ç÷

d

èø



[image: image156.wmf](

)

2

TTT

trAAFF2ww1

æö

dd

=-+

ç÷

dd

èø



[image: image157.wmf](

)

(

)

(

)

T

TTT2T1T1T2

2

1

FwFw1wvwzwvwz

=+-

a



[image: image158.wmf](

)

(

)

(

)

T2

TTT

FwFwww

=



[image: image159.wmf](

)

4

T1T2T2T1

22

2

2

ˆ

ccwvwzwvwz1

æö

d

=+--+

ç÷

ad

èø



[image: image160.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

TTTT

11221221

4

TTTT

22111221

4

4

ˆ

c

1

vvzzvvzz

1

vvzzvvzz

=

éù

+-+

ëû

a

éù

+-+

ëû

a

æö

d

+

ç÷

d

èø


4.2.3 Invariant 3
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