The deformation gradient and the right Cauchy-Green
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1 Geometry

1 1 3 2

Vi = v+ U —u
vV =v+u -
vV =Vvir -
W= v ox VP
v v

a=w (vl x v2)

_— V' x v

[v* v
a =W (\71 x \72)
w=wxv , i1 =123

The unit vectors w and W are orthogonal to the element’s
surface In the undeformed state and deformed state
respectively. Notice that these vectors points toward the
observer, when nodes associated with the element appear
counterclockwise.



The scalars o and a are equal to twice the area of the
element In the undeformed state and deformed state
respectively.

The scalars & and § are equal to the thickness of the
element In the undeformed state and deformed state
respectively.

2 Convex combination of vertexes

The convex combination of vertexes in the deformed state is
given by:

X = o, X + oX + o X

o, +a, +o; =1

o, 20 , 1 =1,2,3
However,

X' = ut + X

X = U+ X =
X =u+ X

X = a,ut + o,u® + oc3u3 + (()Lle + X + 0c3X3)

The convex combination of vertexes in the undeformed state
is the point x. Therefore,

X

X + o) + axX =

X

o, Ut + oLu? + au® + X

2.1 Alpha coefficients
X = o X' + aX + o

o, +a, +o; =1=



a (X =) +a, (X —x%) = x-x°

vi =3 - X
—_

v = xt -

V2 — oV = X - X°

2.1.1 Coefficient alpha 1

2.1.2 Coefficient alpha 2

(W) (0av* = aav') = (W) (x - x°)

2.1.3 Geometric interpretation

Each coefficient alpha can be iInterpreted as the division
of a fraction of the undeformed area by the total
undeformed area.



Figure 2

pW = (x = X°) x (V') = p, = (wl)T (x - )

Notice that the non-negative constraint for o, Is
satisfied. Corresponding expressions can be written for the
other coefficients.

3 Plane strain

It is important to emphasize that w = w for the plane
strain case. However, unless explicitly indicated, these
two vectors will be treated as different vectors. In this
way, the expressions for the plane strain case can be used
as part of the expressions for the plane stress case.

3.1 Deformation gradient tensor

2

X = oy (U - U%) + a, (U7 - %) + U® + X

— a)_(i
ﬁj__axi
P +_(ul - U)W +_(uz - %) W
o (08

d =u - =



_ l 1 (1)' 2 (2
F_I+a[d (W)+d(w
d =u -’ =
F=I+l

a

F:I+l
a

Fvi = v+ —-u? = v

Fv = v +u - =V

[ul (Wl)T + u? (WZ)T - u® (W o+ WZ)TJ
w+w+w =0 =
[ul (Wl)T + U (WZ)T + U (V\/S)TJ

Notice that,

Ve = v+ 2 —ut =V

Fw = w
3.1.1 Invari
f, = tr (F)
F=1 +l
a
f = 3+i
a

ant 1

@wwy+dwwf}

() ()

d> = vt -V

d* = v — V?
=

]
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=W x V!

Wi

[ (v )+ () 9 = (o)

1
a

f, =3+

w' (vl x VZ) =

()~ (w) ]

1
a

f =1+

3.1.2 Invariant 2

f, = tr (FF)

ot (w)" + a2 (w2

1
a

F=1+

S S

— e~ o~ o~



(€ -3 -

+20 (Wl)T d' +

+20, (WZ)T d? +

+ (dl)T d (Wl)T wh o+
+2 (dl)T d? (WZ)T wh o+
+ (dz)T d? (WZ)T w?



3.1.3 Invariant 3

1

£y = Oy + o (dhug + )

f3 = det (F) = f11f22f33 + f12f23f;,1 + f13f:'-;2f21

- f31f22f13

- f:-;2f23f11

- f33f12f21
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The previous expression can be written as:

1 1
(f3_1)a:bo+abl+?b2

3.1.3.1 Coefficient 0
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3.1.3.3 Coefficient 2
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3.1.3.4 Final expression
(F - Do = (¢ wt o () W+ = (d x o) (ot x )

—wxV =

w=w==% =

Q |l

Notice that, as expected, the invariant 3 can be
interpreted as the deformed volume divided by the
undeformed volume.

ad

f = —
3 ad

3.2 Right Cauchy-Green deformation tensor



The right Cauchy-Green deformation tensor can be written iIn
terms of the deformation gradient tensor as:

C=FF

The iInvariants of the right Cauchy-Green deformation tensor
can be written as:

3.2.1 Invariant 1

c, =tr(C) = tr (FF) = f

c, - 1+1 [(VZ)T z - (¢) 22}

3.2.2 Invariant 2

c, = tr (C'C) = tr (FFFF)

F= b [ (w) - o ()]

o
A = [dl(wﬁf-+-d2(WZYJ =
[ tr (FFFTF) - 3] o =
+4a’tr (A) + 20°tr (AA) + 4a’tr (ATA) + datr (AATA) + tr (ATAATA)
The expression for the Invariant 2 can be written as:

(c, — 3) o’ = 4a’b, + 2a°b, + 4a’b, + 4ab, + b,

3.2.2.1 Coefficient 0

b,

tr (A)

b, = (Wl)T v - (WZ)T vt - 20



3.2.2.2 Coefficient 1

3.2.2.3 Coefficient 2

b, = tr (ATA)
b2 =
+20c( )T vt - 20 (Wl)T Vv’ + 20° +
H(V) VA (P) - 2(3) (V)W (V) V()

3.2.2.4 Coefficient 3

b, = tr (AATA)
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3.2.2.5 Coefficient 4
b, = tr (ATAATA)
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3.2.2.6 Final expression
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The previous expression can be written as:

3.2.3 Invariant 3

= det (FF) = det® (F)

c, = det (C)
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C, = |—
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4 Plane stress

4.1 Deformation gradient tensor
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4.1.2 Invariant 2
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Notice that, as expected, the invariant 3 can be
interpreted as the deformed volume divided by the
undeformed volume.

4.2 Right Cauchy-Green deformation tensor

The right Cauchy-Green deformation tensor can be written iIn
terms of the deformation gradient tensor as:

C-FF

The iInvariants of the right Cauchy-Green deformation tensor
can be written as:

4.2.1 Invariant 1

& - tr(@) - tr(FF) - %
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FIFATA) +

r (FTAFTA) + tr (F'AATF) + tr (FTAATA) +
) + tr (ATFATF) + tr (ATFATA) +

r (ATAATF) + tr (ATAATA)

-
’ "_I.I‘
—
M
>
_
M
~——
+
r~+
=
—_

-
—_
>
—
=
m
—
Z
+
~+

c, =¢C, +
+tr (ATAATA) + 4tr (FTAF'F) + 4tr (ATAFTA) +
L2tr [(FTA) (FTA)TJ + 2tr (FTAFTA) + 2tr (ATAFTF)

—_\2 _ 2
tr (ATAATA) = ng - 2%WTW + 1}

— 2
tr (F'AFTA) = ngv—v - 1}

—\2
tr (A'AFTF) = —J —2—ww+1

(F'w)' (F'w) = 1+ iz (W'vPw'Z - w'viw'z?)
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4.2.3 Invariant 3

¢, = det(C) = det (FF) = det’ (F) = &
_ (S&T
G, = |—

da
5 Appendix
a'(bxc)=>b"(cxa)=c(axb)

ax(bxc)=(ac)b-(ab)c

tr (AB) = tr (BA)

o _

b =ax =

b = xX'x = %0 = 2X.
OX

d6=a (bxx)=(axb)x= aad) = (a x b),

det (AB) = det (A) det (B)

det (AT) = det (A)



det (A — A1) = 33 + tr (A) A% - %[trz (A) — tr (AA)] & + det (A)
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